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Abstract 

Let Mi and iVj be path-connected locally uniquely geodesic metric spaces 
that are not points and / : YYiLi Mi — ► Yl2=i Ni be an isometry where YYl=i Ni 
*_h and YYiLi Mi are given the sup metric. Then m = n and after reindexing Mj 

is isometric to iVj for all i. Moreover / is a composition of an isometry that 
reindexes the factor spaces and an isometry that is a product of isometries 
/, : Mi - iV(. 

S 

^ 1 Introduction 

> 

For the duration a product YliLi % of metric spaces is always considered to be 
^ endowed with the sup metric. In these metric spaces there are two obvious types of 

isometries / : YliLi ^% ~^ YYu=i The first is a product / = f\ x - • • x f m where 
CN fj '■ Mj — > Mj is an isometry. The second is a reindexing of the form 

OS g(ai, <x m ) = (ocn-im, a % -ir m )) 

© 

for some permutation n of {1, ... , m). This leads to the following definition. 

Definition 1.1. An isometry f : n^Mj — > YYiLi-^i ^ s reducible if there is a per- 
mutation n of {1, 2, . . . , m} and isometries fa : Mj — > N % ^\ such that 

/(cVl, . . . ,a m ) = (0^-1(1)), . . . , / 7r -i(m)( Q; 7r- :L (m)))- 

The main result states that in certain cases all isometries are reducible. 

Main Theorem. Suppose Mi and Ni are path-connected locally uniquely geodesic 
metric spaces that are not points with f : YiiLi Mi — > YYi=i an isometry. Then 
m = n and f is reducible. 

The heart of the proof lies in the fact that particular isometric embeddings of 
a graph in the product space Mi are invariant under any isometry. This will 
quickly lead to the number of factors in the product being an isometry invariant as 
well as forcing / to take the aspect of a product map. A proof for the case where 
m = 2 occurs in the appendix of [2], and a discussion of the background on geodesic 
metric spaces can be found in [T]. 
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2 PROOF OF MAIN THEOREM 
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2 Proof of Main Theorem 

In this section we define a useful family of subsets of YHLi Mi- Utilizing the Main 
Lemma, a proof of the Main Theorem is then provided. 

Definition 2.1. A k-slice Q is a subset of\\^ =1 Mi of the form 

ai x • • • x x ft fc x a k+1 x • • • x a m 

where ai G Mj and Q k C M k with \VL k \ > 2. The aij are called the fixed coordinates of 
ft. 

Main Lemma. Suppose that Mi and iVj are path- connected locally uniquely geodesic 
metric spaces and f : Y\T=i Mi — > Y\7=i ^ an isometry. If ft C fl^Li ^ ^ s k-slice 
then /(ft) is a j-slice. Moreover ft and ft' are k>£n k-slices if and only if /(ft) and 
/(ft') are both j- slices. 

In order to prove the Main Lemma and hence the Main Theorem the fact that 
m = n for any isometry / : YliLi Mi — > Yli=i ^ i s essential. However the proof of 
this fact is more technical and will be postponed. 

Proof, (of Main Theorem) Assuming m = n, let $ C YYiLi Mi be a fc-slice for k G 
{1, . . . , m}. By the Main Lemma the image /($) is a j-slice for some j. The second 
part of the Main Lemma gives more information namely that the image of any A;-slice 
ft C YYiLi Mi will be a j-slice. 

To complete the proof it suffices to show that if two points, 

a = («!, a 2 , . . . , ajfc-i, 7, a k+1 , . . . , a m ) 

and 

& = (A, fo, ■ ■ ■ , Pk-1,1, Pk+1, ■■■,(3m) 

such that ai ^ Pi for all i, have the same k th coordinate then f(b) and /(a) have the 
same j th coordinate. This will show the existence of isometries f, L : M k — > iV} and 
complete the proof of reducibility after post composing by the reindexing isometry 
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7r : YYILi Ni — > YYILi Ni where ir(Nj) = N^. Consider the points 

a = a = (oti, a 2 ,..., ajfe-i, 7, ajt+i, • • • , a m ) 
ai = (/?!, a 2 , ■ • ■ , afc_i, 7, . . . , a m ) 
0-2 = {Pi, P2,oi3, . . . , ajfe_i,7, otjfc+i, . . . ,a m ) 

«fc-i = (Pi, P2, ■ ■ ■ ,Pk-i,l,oik+i, ■ ■ ■ ,a m ) 

«fc = (Pl,P2, ■ ■ ■ , fik-1,1, Pk+l,Otk+2, ■ ■ ■ ,Oim) 
O.m-2 = (Pi, P2, ■ ■ ■ , Pk-1,1, Pk+1, ■ ■ ■ , Pm-1, «m) 

a m _i = b = (Pi,P 2 , ■ ■ ■ , Pk-i,1, Pk+i, ■ ■ ■ ,Pm)- 

Notice that {a^, <2j + i} is an % + 1-slice for % G {0, 1, — 2} and an % + 2 slice 
for z G {/c — 1, . . . ,m — 2}. Since no pair {aj,aj + i} is a /c-slice, the pair of points 
{f ( a i) , f ( a i+i)} is never a j-slice by the Main Lemma. Thus the j th coordinate of 
f(a{) and f(a i+ i) are identical for all i. □ 



3 The Graph Qf 

In this section we define a metric graph, give examples of particularly nice iso- 
metric embeddings of this graph in YYILi Mi, show that m = n for any isometry 
/ : YYiLi Mi — > rilLi an< ^ P rove the Main Lemma. 

Observe that if oti, Pi G Mi are connected by a unique geodesic of length r for 
i = 1, . . . , m then a = (a>i, . . . , a m ) and 6 = (Pi, . . . , /3 m ) are connected by a unique 
geodesic in flMj. This fact that in certain directions within the product pairs of 
points are joined by unique geodesies is the main motivation for the following graph. 

Definition 3.1. A quadrilateral graph of dimension m with length r denoted Q™ C 
YYOLi K is the metric graph whose vertices are of the form ±e[ = (0, 0, . . . , 0, ±2r, 0, . . . , 0) 
(non-zero in i th coordinate) or (±r, ±r, . . . , ±r). Connect two vertices by an edge of 
length r if their distance is r in YI4L1 ^- 

The first two examples of this family of graphs (pictured in Figure 1) are a quadri- 
lateral with subdivided sides and the one skeleton of Kepler's Rhombic dodecahedron 

Example 3.2. Let Mi be a uniquely geodesic metric space. An example of an iso- 
metric embedding 1 : Q™ — > YULi M is given by the following construction. Pick 
a geodesic segment Aj C Mj of length 4r. Let Aj(0) = a i; K( r ) = &i \(2r) = p i; 
Aj(3r) = <fi and Aj(4r) = oj^. Then let 

L ( e l) = {(Pi,p2, ■ ■ . ,Pk-i,cOk,Pk+i, ■ ■ -,Pm\\k G {1,2, . . . ,m}} 
L (~ e k) = {(Pi,p2, ■ ■ .,p k -i,a k ,Pk+i, ■ ■ -,Pm\\k G {1,2, . . . ,m}} 
and as a set t(±r, ±r, . . . , ±r) = {(iti, . . . , 7r m )|7Tj G {9i, ipi}} 

which defines the isometry on the set of vertices. One can check that appropriate 
vertices are connected by unique geodesies of length r. 
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Figure 1: Q\ C flti R ( left ) and Q\ c IlLi R ( ri S ht ) 



This construction shows that isometric embeddings i : <2™ — > n^=i % are easy to 
construct when the Mj are uniquely geodesic metric spaces. If the spaces Mj are only 
path-connected locally uniquely geodesic metric spaces then in general an isometric 
embedding i : Q™ — > Y\T=i w ^ n °t exist for large r. However for every a £ J} Mj 
there exists a metric ball B e (a) such that B e (a) is a product of uniquely geodesic 
metric spaces. Thus for 4r < e an isometrically embedded Q™ can be constructed in 
the same way. 

Definition 3.3. Let i : Q^ r — > i ^ ^ e an isometric embedding. If the image 
of every edge is a uniquely geodesic segment in FJ Mj then call i : Qj: — > nili ^ 
admissible. 

If t : Qj: — > ni^i ^» i s admissible and / : i ^ ~^ 117=1 is an isometry then 
Jot: Qj: — > n™=i ^ * s admissible. This is clear from definitions. 

Definition 3.4. Let i : — > fl^i ^ ^ e admissible. The map i is standard if for 
all j there exists an I such that {t(ep,i(— ep} is an I— slice. 

The proof of the Main Lemma requires a result establishing the fact that every 
admissible isometric embedding i : Q™ — > n™ i ^ i s standard. The following discus- 
sion works toward establishing this fact. First some results concerning the behavior 
of points in the image of an admissible i : <2™ — > 111=1 % are required. 

Property 1. For any vertex Xj £ Q™ of the form {±e[, . . . , ±e^} and any pair of 
points {el, — e\) with Xj £" {e[, — e\) there exists a geodesic segment A C <2™ with 
endpoints \e\, — e[} snc/i £/ia£ Xj £ A. 
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Constructing such a piecewise uniquely geodesic path in Q™ is straightforward. 
Note that there are precisely 2 2m ~ 4 paths connecting pairs of endpoints {e[, — e[} so 
A is unique only when m — 2. 

Property 2. Assume that Mi is a uniquely geodesic metric space. Let p and q 
be points in YiiLi Mi and A a geodesic with endpoints {p, q}. Let dMi(Pi,qi) be the 
distance between the i th coordinates of p and q. Note that dMi(Pi,qi) = d(p,q) if 
and only if the i th coordinate path of A ( denoted \) is a geodesic of length d(p, q) . 
Moreover for any point z G A the i th coordinate of z is uniquely determined by d(p, z) 
(since \ is the only geodesic connecting its endpoints in Mi). 

Property [2] follows directly from the definition of a geodesic and will allow us to 
characterize the possible admissible i : — > YliLi Mi when Mj is uniquely geodesic. 

Lemma 3.5. Assume that Mi is a uniquely geodesic metric space and let i : Q k r — > 
IlZLi Mi be admissible. Let 

t(ep = («i, . 

i(-ej) = (A, 
t(e£) = (71, • 
t(-et) = («i, 



• • , Cm) 

• • • i ftm) 
■ ■ , 1m) 

• • • i R"m) 



Ifd(i(e r t ), i{-e r t )) = d Ml {lh K i) = 4r then a t = fa. 

Proof. By property [l] there exists geodesies A, A' C t(Qr) such that the endpoints of 
A and A' are i(±e£) with t(ep G A and t(— ep C A'. By property [2] and the fact that 
cf(t(ep, t(ep) = d(i(ep, t(— ep) = 2r we see that a; = fa. □ 

For an admissible i : — > YYiLi Mi associate a number 



qj = \{l G {l,...,m}|d(i(ep,i(-ep) = rf Mi («/>A)}| 



to each pair t(±ep. Clearly gj > 1 for all j. If follows immediately from Lemma 3.5 
that two pairs {t(ep, t(— ep} and {t(ep, t(— ep} cannot attain the distance 4r in the 
same coordinate. These two observations imply qj = 1 for all j when k = m. 

Lemma 3.6. Let Mi and Ni be path- connected locally uniquely geodesic metric spaces 
and f : Yl™=i Mi — > Yl™ =1 Ni be an isometry. Then m = n. 



Proof. (Of lemma 3.6) By invariance of an admissible l(Q^) under isometry it follows 
that the largest k such that there exists an admissible t : — > Fli^i Mi is an isometry 
invariant. Let this number be denoted by L(Y\™ =1 Mi). There exists a ball _B(a,4r) 
around any point a G YliLi Mi such that B(a, 4r) is a product of uniquely geodesic 
metric spaces. An admissible Q m can be constructed in B(a,4r) by Example 3.2 
which shows L(niii Me) > m - Since the number qj > 1 for all pairs {t(ep, t(— ep} 
in any admissible i : Q k — > n™ l M an d Sj=i ?j < m it is obvious that for > m no 
such t can exist and thus L(U^. 1 Mi) <m. □ 
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Lemma 3.7. Let Mi be a uniquely geodesic metric space and i : Q™ — > n^Mj 
admissible. Then i : Q™ — > n^=i ^ ^ s standard. 



Proof. (Of Lemma 3.7) Using the above fact that = 1 for all j and Lemma 3.5 the 
collection of pairs 

(ufcfWcD, *(-<)}) U (u^ +1 {,(e[),.(-eD}) 

forces the distance between coordinates of {t(ep,t(— ep} to be either 4r or 0, thus 
making {t(ep, t(— ep} a /-slice for some /. □ 

We now restate and prove the Main Lemma. 

Main Lemma. Suppose that Mi and iVj are path- connected locally uniquely geodesic 
metric spaces and f : YliLi % — > Yli=i ^ an isometry. J/flc FlfcLi ^% ^ s a k-slice 
then f(£l) is a j-slice. Moreover Q and Q' are both k-slices if and only if /(O) and 
/(f2') are both j-slices. 



Proof. By lemma 3.6 m = n. Three things must be shown. 



Step 1 (Part A) Given three distinct points a, b, c such that {a, b} is a j-slice, {b, c} is 
a fe-slice, and {a, c} is an i-slice then % = j = k. 

(Part B) Given 4 distinct points a,b,c,d such that {a, b}, {b, c}, {c,d}, and 
{a, c/} are i,j, k, and /-slices respectively then either i = j = k = I or i = k and 

3 = 1- 

Step 2 If is a fc-slice then f(fl) is a j-slice. 

Step 3 If Q and Q' are fc-slices then /(fi) and are j-slices. 

(Proof of Step 1 Part A) By definition of a fc-slice if % = j then i = j = k. Suppose 
i 7^ j then a and c differ in the i th and j t/l coordinate. But {a, c} is a fc-slice which is 
a contradiction. 

(Proof of Step 1 Part B) Observe that since {a, b} is a i-slice and {b, c} is a j-slice 
the points a and c differ in the i th and j th coordinates. Similarly they differ in the I th 
and k th coordinate. Thus {i, j} = {k, /}. If i = I then i = j = k = I otherwise i — k 
and j = /. 

(Proof of Step 2) Any fc-slice Q is contained in a A;— slice of the form 

$ = a x x . . . x M k x • • • x a m 

for G Mj so it suffices to show the result for $. Let rj € be an arbitrary point. 
Let 5 S and be the uniquely geodesic constants for a s 6 M, and r/ e M fc respectively. 
Define 

tfe-l \ / m 

JJS(a.,^)j xB( Vt ,e v )x J] B(a s ,e„) 
s=l / \s=fc+l 
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where e v = min{e v , Si, ... , S m }. Let \I/ = W v fl $. For any three points x%, x 2 , x 3 G \& 
construct three isometrically embedded graphs : <2™ — > H 7 ^ with r = \d(xi, x i+ i), 
ii(e[) = Xi, and e[) = x-i+i for i G {1,2,3} via Example 3.2 (note that x<± = x\). 
Since W n is a product of uniquely geodesic metric spaces we can apply lemma 3.7 to 
/ o Li to see that {f(xi), f(x 2 ), f(x 3 )} satisfy the hypothesis of Step 1 part A. Thus 
{f{xi),f(x 2 ),f(x 3 )} is a j-slice and since x^ were arbitrary f(^) is a j-slice. If 
is a defined about a point r/ G M fe sufficiently close to r\ then f(^) fl /(^') consists 
of more than two points and the set f($) U /(^') is a j-slice. This implies /(<&) is a 
j — s/ice since has a single path component. 



(Proof of Step 3) Note that 

O C «i x • • ■ x ak-i x M k x afc+i x ■ ■ ■ x a m = $ 



and 

fi' C /3i x • • - x /V-i x M fc x x ■ ■ ■ x /3 TO = $' 

for some and hence it suffices to show the result for $, <3>'. We can also assume 
that «j = /3j for alH 7^ 1 since we can change one coordinate at a time to interpolate 
between <3> and <&'. Now there clearly exist distinct points Wi,w 2 G $ and W7 2 G $' 
such that {wi,^} and {1^2,^2} are 1-slices. By step 2 f(wi), f(w[), f(w 2 ), f(w' 2 ) 
satisfy the hypothesis of Step 1 part B. If {f(wi),f(w , 1 ),f(w 2 ),f(w , 2 )} was a j-slice 
then by step 2 after applying the inverse isometry {wi, w 2 , Wi,' w' 2 } would be a fc-slice 
or a 1-slice which is a contradiction. □ 



References 

[1] M. Bridson and A. Haefliger. Metric Spaces of Non- Positive Curvature. Springer- 
Verlag, Berlin, 1999. 

[2] Benson Farb and Howard Masur. Teichmuller geometry of moduli space, 
I: Distance minimizing rays and the Deligne-Mumford compactification. 
arXiv:0803.0141vl, 2008. 

[3] W.W. Rouse Ball and H.S.M. Coxeter. Mathematical Recreations and Essays. 
Dover Publications, Inc., New York, thirteenth edition, 1987. 

William Malone: 

Dept. of Mathematics, University of Utah 

155 S 1400 E Room 233, 

Salt Lake City, UT 84112-0090 

Email: malone@math.utah.edu 



